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Abstract—This paper addresses the problem of generating
dynamic motion for a humanoid between two predefined
postures. The humanoid robot starts its motion from a statically
stable configuration to another known statically stable config-
uration when it is necessary to make step; that is, the center
of mass (COM) is inside the support polygon at the initial and
the goal configurations. A dynamic motion generation method
is proposed in order to generate the whole-body robot motion.
Zero moment point preview control is used for maintaining
dynamic stability while the robot is taking the step and suitable
splines are used for generating the hands, neck and foot
motion because it is a free motion on the field of gravity; the
screw theory is applied under Lie groups for kinematics and
dynamics humanoid modeling, which allows smooth and natural
humanoid motion. Successful results on the HRP-2 humanoid
robot are shown and discussed.

I. INTRODUCTION
The gait motion planning for humanoid robot in order

to walk on a flat surface has been solved with various
approaches. Many take into account the concentrated mass
model [1] and others the distributed mass model, furthermore
considering friction [2]. The first work ([1]) does not deal
with the effect of whole-body motion during humanoid walk-
ing motion. In a cyclic motion patterns could be generated at
real-time, but the dynamic effect of the whole-body inertial
forces and gravity are compensated by the controller. The
second work ([2]) deals with whole-body motion while
walking and accounts for a strong stability criteria (the sum
of the contact wrench should be inside the contact wrench
cone); it is a more accurate model but the high computation
cost and the iterative solution does not make it possible
to generate the patterns in real time; successful simulation
have been obtained. To go from any posture to another by a
step (which we call “acyclic gait”), the whole-body motion
should be taken into account in order to maintain the dynamic
stability but under constraints of realizing the desired posture
configuration at the initial and final key-postures. Many
works about humanoid robot whole-body motion have been
carried out, some dealing with the control of linear and
angular momentum [3],[4],[5]. The approach used in spatial
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robotics [6], provides an interesting whole-body motion con-
trol by controlling the Linear and Angular momentum. From
the point-of-view of high redundancy dividing the whole-
body motion in tasks taking into account external forces act-
ing on the robot, Khatib et. al. [7], Sentis et. al. [8], Mansard
and Chaumette [9]. Path planning methods are an alternative
to generate whole body motion [23], especially when there
are obstacles to be avoided. These works divide whole-body
motion into tasks and create a hierarchy. Other criterions at
the kinematic level, are proposed by Yoshida et. al. [10],
when the hierarchy of tasks is obtained by the combination
of joint selection matrix and the projection in the null-space.
The dynamic stability while walking is obtained by ZMP
preview control [11], [12], [13], [14]; whole-body motion is
developed by the generalized inverse kinematics under the
Jacobian method. We propose an approach by solving the
whole-body motion in a direct and natural way by making
use of Lie groups under the screw theory [15], [16].
The main contributions of this paper are: Propose and

validate the acyclic gait algorithm for humanoid robots.
Implement and validate the use of screws, which provide
a geometric description of rigid motion, so the analysis of
mechanism is greatly simplified. Avoid singularities because
the global description of the rigid body motion; only is
necessary to define two frames (base and tool) and the
rotation axis of each DoF, for analyzing the kinematics in a
closed way. The Paden-Kahan sub problems allow computing
the inverse kinematics at position level. Faster computation
time of the inverse kinematics respect to inverse jacobian
method, Euler angles or D-H parameters, so it contributes to
real time applications. For computing the Jacobian (dynamic
analysis) is not necessary to derivate. Validate the ZMP
preview control [11], for generating the acyclic gait motion.
Propose and validate the “Local Axis Gait” algorithm [19],
for generation of the local motion planning. This work is
divided as follows: in the section II we state the problem;
in section III the proposed solution is detailed; in section IV
the results are shown and discussed, as an application in the
HRP-2 humanoid robot [17], and finally the conclusions and
the future works will be explained in section V.

II. PROBLEM STATEMENT
We aim at achieving whole body motion of a humanoid

robot between any two statically stable contacts and posture
(joints) configurations. In this stage, footprints occur on the
plan. For each contact, key-posture static stability is obtained
simply by projecting the center of mass (COM) position into
the support polygon. Therefore, initial and final whole-body
configuration, that is: the feet, hip, hands and neck positions
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Fig. 1. Motion from any statically stable posture to other one.

and orientation are also known (Fig. 1). Stable dynamic
motion is obtained by imposing to the ZMP [18] to be inside
the support polygon. Note that, the boundary conditions (key-
postures) are known but the transition behavior from the
initial contact state to the other, is not defined. This work
proposes an approach that realizes the dynamic transition
behavior.

III. OVERVIEW OF THE METHOD
Our method make use of a combination of the following

main components (Fig. 2): (i) the ZMP-previous control [19]
that will be adjusted to our problem for dynamic stable
transition, (ii) the kinematics and dynamics modelling under
Lie groups, (iii) Paden-Kahan sub-problems and screw theory
[15], [16], [21]. Those theories allow us to compute the
inverse kinematics directly without internal singularities and
dynamics modelling, [22] by Jacobian manipulator.
The input values to our problem are the initial and goal

robot configuration (joint states since two successive contact
configuration have at least a non empty sub-set of common
contacts). At first, we use the forward kinematics in order to
compute the footprints and COM initial and goal locations.
The “Local axis gait algorithm [19]” is used for the motion
planning which takes into account constraints such as joint
angular limits, and torque limits. The dynamic stable motion
is obtained by the ZMP-Preview control [11]. Using inverse
kinematics, the joint legs’ motions are computed. Next, the
inverse dynamics by the Lagrangian formulation is computed
to assess for the joint torques of the dynamic motion.
1) Solving the forward kinematics problem: Forward

kinematics is used in order to compute the COM and feet
locations at initial and goal key-postures. By exploiting
natural humanoid left-right symmetry, (Fig. 3.a). The first
six DoF correspond to the position and orientation of the
foot; the next six DoF correspond to the leg joints. Let S
be a frame attached to the base system (support foot) and T
be a frame attached to the humanoid COM. The reference
configuration of the manipulator is gst(0). Thus, the product
of exponentials formula for the right leg forward kinematics
is gst(θ), with ξ∧ the 4× 4 matrices called “twists”.

gst (θ) = eξ∧1 θ1eξ∧2 θ2eξ∧3 θ3
· · · eξ∧12θ12gst (0) (1)

2) Lower body motion planning using “LAG” Algorithm:
The COM motion planning is obtained by the ZMP Preview
Control [11], and the foot motion is planned by using a

Fig. 2. Flowchart of the method. Xi, Xg , are the initial and goal position,
and θi, θg are the initial and goal orientation. Those are computed for
the COM and feet by the forward kinematics. XCOM (t), XFEET (t) are
the COM and FEET spatial trajectories, and θCOM (t), θFEET (t) are the
COM and FEET orientation trajectories. θLEGS(t), θARMS(t) are the
legs and arms joint trajectories.

5th order Splines. The Local Axis Gait (LAG) algorithm
(Fig. 3.b) deals with local humanoid motion, which is to
generate the nth step in any direction over any surface. The
footprints (eq. 2) for doing a nth step, can be computed as
follows:

Pn = Pn−1 + R(θn
z )T .Dn (2)

where,

Pn = ( pn
x pn

y pn
z )

T
, Dn = ( Dn

x − (−1)n Dn
y Dn

z )
T

,

Pn, Pn−1, Pn+1 are feet positions; Dn+1
x , Dn+1

y , Dn+1
z

are swing foot displacements; θn+1
x , θn+1

y , θn+1
z are rotations

about world frame.

3) COM generation by ZMP Preview Control: There is
one difference between the walking motion when the COM
is moving in a plane. In Fig. 4, the preview gain for two
differents vetical positions of the COM are shown. Thus, it is
possible to consider the preview gain for the medium vertical
position value (the value for Zc). For several simulation
and experiments, it appears that is possible to consider the
preview gain for the medium vertical position value (i. e. the
value for Zc) variation of the parameters are tackled by the
closed loop nature of the ZMP preview controller.
4) Solving the inverse kinematics problem: The inverse

kinematics problem for the right leg (see Fig. 3) consists of
finding the joint angles, (θ7 to θ12). Using the product of
exponentials (PoE) formula for the forward kinematics (eq.
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(a) (b)

Fig. 3. (a) Sagittal Kinematics Division and (b) Footprints location.

(a) (b)

Fig. 4. Preview gain (at preview time of 0.8 seconds) Gp(j): (a)
Zc=0.614m, (b) Zc=0.814m, when the COM is in lower position, the
maximun value of the preview gain is higher with respect to the other one;
so, the u(k) value increase for walking at lower hip height.

(1)) it is possible to develop a numerically stable geometric
algorithm to solve this problem, by using the Paden-Kahan
(P-K) geometric subproblems:

δ =
∥
∥
∥eξ∧9 θ9gst (0) .p− k

∥
∥
∥

P−K−3
→ θ9 → double sol. (3)

q′ = eξ∧7 θ7 .eξ∧8 θ8 .p′
P−K−2
→ θ7, θ8 → double sol. (4)

q′′ = eξ∧10θ10 .eξ∧11θ11 .m
P−K−2
→ θ10, θ11 → double sol. (5)

q′′′ = eξ∧12θ12 .S
P−K−1
→ θ12 → single sol. (6)

The upper body joint motion is obtained by suitable 7th

order Splines.
5) Solving the inverse dynamic problem: In order to

compute the joint torques and dynamics constraints we use
the Lagrange formulation under the lie groups and screw
theory. This is because it gives a geometric description of a
Jacobian manipulator [20], so for the right leg:

JT
tli(θ) = [ξ†12 · · · ξ

†
i · · · 0 · · · 0] (7)

IV. RESULTS

Many tests have been done on the HRP-2 humanoid
robot [17] in order to assess the proposed method. Some of
these experiments are presented as follows: one acyclic step
forward, one acyclic step backward with swing foot rotation
and two acyclic steps forward. Note that the final and initial
posture of the upper body is also different and can be any.

Fig. 5. Simulation and actual one non synchronic step forward.
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Fig. 6. Actual results of joint angular patterns for doing one acyclic step
forward, from the initial to the goal states. In upper curves, the right side
of the humanoid is shown; the left side is shown in following curves. In
both cases, the goal state is reached by a smooth and natural motion, from
the initial one (red dots).

Fig. 5 illustrates, one non sychronic step forward. The
following sequences are performed: at first the body gets
down from the sitting humanoid robot position and moves
its arms, chest and neck; after that, a step is done and
it continues moving its arms, chest and neck, to the goal
configuration. In Fig. 6, many actual joint evolutions from
the initial to the goal states are shown; we can see that
the goal state is reached in a smooth and natural way. The
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Fig. 7. ZMPy , ZMPx reference and measured. The ZMPlimit1

and ZMPlimit2 are the foot boundaries. COMy , COMx trajectory and
vertical reaction forces on each foot.

simulation results exhibited a stable dynamic motion. We
called it acyclic motion because there is no leg and arm
coordination, as compared to normal cyclic walking motion.
This simulation is ported and tested successfully on the HRP-
2 humanoid robot platform (Fig. 5). It is possible to analyze
the motion pattern in frontal and sagittal direction (Fig. 7).
In the frontal motion direction the actual ZMP (blue line)
differs with respect to the reference one (red line), in the
single support phase about 0.04m; but dynamic stability is
maintained because it is inside the convex hull. In the sagittal
direction for about 0.1 sec, the actual ZMP is outside the
convex hull, at the start of the single support phase; but the
gap is not big enough to lead to unstable motion.
The reaction force on each foot is also analyzed in order

to improve the force distribution in the motion pattern. As
seen in Fig. 7, during the single support phase, the maximum
reaction force on the support foot is about 680 N, nearest

Fig. 8. Simulation and experimental result of one acyclic step backward
and rotating.
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Fig. 9. Actual results of joint angular patterns for doing one acyclic step
backward, from the initial to the goal states. In upper curves, the right side
of the humanoid is shown; the left side is shown in the following curves. In
both cases, the goal state is reached by a smooth and natural motion from
the initial one (red dots).

to the humanoid robot weight; and on landing, the reaction
force is practically the same on each foot. That is because
the motion pattern is designed for assuring equivalent force
distribution on each foot.
Let us go to the next case, when the acyclic motion is

backward and induces substantial change in the orientation.
The simulation is shown in Fig. 8, as the previous experi-
ment, the continuous motion from the sitting position to open
arms and down the robot body have been done, when the goal
configuration is statically stable too. The joint patterns reach
their respective input goal smoothly (Fig. 9).
The proposed motion in the HRP-2 platform (Fig. 8) is

successfully validated. The motion patterns and the actual
measures can be analyzed, as seen in Fig. 10. In this case, for
the single support phase, the maximum ZMP error is about
0.06m in frontal motion and 0.025m in the sagittal motion.
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Fig. 10. ZMPy , ZMPx reference and measuring. The ZMPlimit1

and ZMPlimit2 are the foot boundaries. COMy , COMx trajectory and
vertical reaction forces on each foot.

Hence, the motion is dynamically stable because the actual
ZMP is inside the convex hull. Note that the ZMP reference
is not strictly tracked by the actual one; this is inherent to
our proposed method and is due to the acyclic motion. The
reaction forces on each foot are shown in Fig. 10. Their
behavior is almost the same as the preview experiment. And
the maximum value on the support foot reaches about 700 N,
which is approximately the robot weight. Finally, the force
distribution on each foot is similar to the starting motion.
The latest case deals with two acyclic steps motion.

Simulation results can be seen in Fig. 11. At first, the body is
going to the lower its position while the humanoid is taking
the first acyclic step. After that, the body goes to the goal
configuration while the robot does the second acyclic step.
The experiment is validated in the actual humanoid robot
(Fig. 12). The actual ZMP is constrained all the time to the
support area, in the frontal and sagittal direction, as is shown

Fig. 11. Simulation of two acyclic step forward.

in Fig. 13, when the maximum error is about 0.05m in both
directions. This way, dynamical stability is obtained. As in
the previous cases, the reaction forces on the support feet
remains around the weight of the humanoid robot and fair
mass distribution is observed on double support. Thus the
motion pattern is validated by this fact too.

Fig. 12. Experiment of two acyclic step forward.

V. CONCLUSIONS

A method dealing with non cyclic planar footsteps motion
with different body configuration is proposed. It is validated
by several simulations and experimental results on the hu-
manoid robot HRP-2. The kinematics proposed is also valid.
Hence, the Lie groups, screw theory and Paden-Kahan sub-
problems prove to be suited for the kinematics and dynamic
humanoid robot modeling, which avoids internal singularities
and gives us a direct analytical solution. The ZMP Preview
Control method appears to be robust enough to be applied
even in this case in which height of the COM varies, to
generate dynamically stable acyclic motion patterns. Future
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Fig. 13. ZMPy , ZMPx reference and measuring. The ZMPlimit1
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work is focused in complement the method with auto-
collision avoidance in order to constraint the motion to
physical limits automatically; furthermore to improve the
compensation of vetical momentum on rotation motion.
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